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Non-isotropic dissipation in non-homogeneous
turbulence

By M A R T I N O B E R L A C K
Institut für Technische Mechanik, RWTH Aachen, 52056 Aachen, Germany

(Received 20 July 1995 and in revised form 9 July 1997)

On the basis of the two-point velocity correlation equation a new tensor length-
scale equation and in turn a dissipation rate tensor equation and the pressure–
strain correlation are derived by means of asymptotic analysis and frame-invariance
considerations. The new dissipation rate tensor equation can account for non-isotropy
effects of the dissipation rate and streamline curvature. The entire analysis is valid
for incompressible as well as for compressible turbulence in the limit of small Mach
numbers. The pressure–strain correlation is expressed as a functional of the two-point
correlation, leading to an extended compressible version of the linear formulation
of the pressure–strain correlation. In this turbulence modelling approach the only
terms which still need ad hoc closure assumptions are the triple correlation of the
fluctuating velocities and a tensor relation between the length scale and the dissipation
rate tensor. Hence, a consistent formulation of the return term in the pressure–strain
correlation and the dissipation tensor equation is achieved. The model has been
integrated numerically for several different homogeneous and inhomogeneous test
cases and results are compared with DNS, LES and experimental data.

1. Introduction
Current second-moment closure models still suffer from three unresolved problems:

the closure of the velocity–pressure-gradient correlation Ψij , the triple correlation
tDij and the dissipation rate tensor εij . The velocity–pressure-gradient correlation is
split into the pressure–strain correlation Φij and the pressure–diffusion pDij which is
modelled together with the triple correlation as a gradient-type diffusion term.

A significant amount of information that is needed for the closure of these terms
is contained in the two-point correlation tensor Rij . Given Rij , one can express
the Reynolds stress tensor, the dissipation rate tensor, and the rapid part of the
pressure–strain tensor (without the wall term) as a functional of Rij:

uiuj = Rij(x, r = 0),

εij = lim
r→0

ν

[
∂2Rij

∂xk∂rk
− ∂2Rij

∂rk∂rk

]
,

Φrapid

ij =
1

2π

∫
V

∂ūk

∂xl
(x+ r)

(
∂2Ril

∂xj∂rk
− ∂2Ril

∂rj∂rk

)
d3r

|r| + (i↔ j),

where (i ↔ j) indicates the addition of the previous term with interchanged indices
i and j. Rij also provides turbulence length-scale information, including the integral
length scale and the Taylor microscale.
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For engineering applications it is impractical to solve the two-point correlation
equations to get the required one-point information. The approach should be to
extract information from the two-point correlation equations in order to improve
one-point models.

A first step was made by von Kármán & Howarth (1938) who analysed the two-
point correlation equation for isotropic turbulence, which gave early insight into
the decay of isotropic turbulence and the evolution of turbulent length scales. The
form of the isotropic two-point correlation tensor introduced by von Kármán &
Howarth (1938) was used by Crow (1968) to derive a first approximation of the
rapid pressure–strain correlation. A crucial further step was made by Naot, Shavit &
Wolfshtein (1973), who extended the isotropic tensor form for Rij to a quasi-isotropic
model, which led to the linear rapid pressure–strain model utilized in the well-known
Launder, Reece & Rodi (1975) second-moment closure model, referred to below as
LRR model. Lin & Wolfshtein (1979) further extended this approach to a nonlinear
model, but did not retain any nonlinear terms in the pressure–strain model.

Even though it is more solid to base the pressure–strain correlation on the two-
point correlation function, nearly all of the most common models for the pressure–
strain term are modelled as an algebraic function of local turbulence parameters, in
particular the Reynolds stress anisotropy tensor bij and its invariants, the mean flow
gradient and a scalar length scale (Launder et al . 1975; Lumley 1978; Rotta 1951a).
Lumley & Newman (1977) suggested absorbing all non-isotropic effects of εij , namely
dij , into the pressure–strain correlation Φij .

In addition to the turbulent diffusion and the pressure–strain correlation one-
point turbulence models require some sort of length-scale information, which in the
most common turbulence models is given by a scalar dissipation rate equation. Many
common dissipation rate function models are based on scalar transport equations that
are variations of the scalar dissipation rate equation first proposed by Hanjalić &
Launder (1972). This approach can be traced back to Kolmogorov’s inertial subrange
theory (Kolmogorov 1941) in which the dissipation is proposed to be locally isotropic
in the limit of large Reynolds numbers. Hence, the dissipation process is solely
determined by the scalar dissipation ε and the tensorial character of the dissipation
rate function is modelled as an isotropic tensor εij = (δij/3)ε.

The deficiencies of the classical scalar dissipation rate models are largely related to
the scalar ε-equation, the reasons being manifold. First, deriving a closed ε-equation
from basic principles is difficult. It is mainly an empirical equation, since many
complicated terms have to be modelled. Second, in its classical formulation the
dissipation rate equation cannot account for strong streamline curvature or Coriolis
effects. Third, data from direct numerical simulations have revealed the strong non-
isotropic nature of the dissipation process (Bardina, Ferziger & Reynolds 1983;
Kim, Moin & Moser 1987; Lee & Reynolds 1985). The experimental evidence for
the local isotropy assumption has been debated. Recent flat-plate boundary layer
experiments of Saddoughi & Veeravalli (1994) support Kolmogorov’s hypothesis of
isotropy. However, other experiments, e.g. Tavoularis & Corrsin (1984), clearly find
anisotropic small scales. On the other hand, there is theoretical evidence based on the
exact dissipation rate tensor equation that the dissipation process may not be locally
isotropic for large mean rates of strain (Durbin & Speziale 1991). Local isotropy may
not be valid even in the limit of large Reynolds numbers. A different investigation,
but coming to the same conclusions, has been done by Brasseur & Yeung (1991) and
Brasseur (1991). They analysed the Navier–Stokes equations in Fourier space and
came to the following conclusion: in a turbulent flow the coupling between the large
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and the small scales persists and is dynamically significant in the infinite-Reynolds-
number limit. Hence, anisotropy of the small-scales can be induced by the anisotropy
of the large scales. In fact, a finite level of small-scale anisotropy must always exist if
the large scales are anisotropic.

There have been several attempts to model a dissipation rate tensor either as
an algebraic function as suggested e.g. by Hallbäck, Groth & Johansson (1994)
or as a dissipation rate tensor transport equation. A first approach to model a
dissipation tensor transport equation has been made by Reynolds (1984). Later,
Tagawa, Nagano & Tsuji (1991) proposed a dissipation rate tensor equation model
in which they introduced closure assumptions for all unknown terms in the ε-tensor
equation. Recently Speziale & Gatski (1997) developed a new dissipation rate tensor
transport model. In a second step they invoked a local equilibrium hypothesis. This
led to a scalar dissipation rate equation and an algebraic expression for the anisotropy
of the dissipation rate tensor. Both the anisotropy of the dissipation rate tensor and
the constant cε1 in the dissipation rate equation turn out to be nonlinear functions
of the mean velocity gradient. This distinguishes it from many previously proposed
scalar dissipation rate equations.

It has been argued by Speziale (1991) that it is more sound to base the turbulent
macro-scale on the integral length scale rather than on the dissipation rate, which
formally determines the turbulent microscale. In fact, the first complete Reynolds
stress model was developed by Rotta (1951a,b) in combination with a scalar integral
length-scale equation. He developed a length-scale transport equation by applying an
integral operator to the trace of the two-point correlation equation in physical space.
Wolfshtein (1971) has extended this approach to near-wall and low-Reynolds-number
flows. In a more recent approach Besnard et al . (1990) developed a scalar length-scale
equation starting from the two-point correlation function in spectral space. A similar
approach has been followed by Aupoix (1987) in putting forward his MIS (Méthode
Intégrale Spectrale) methodology. However, the MIS approach relies on the model of
Lin & Wolfshtein (1979) which has been proven to be too oversimplified, as will be
discussed below. Owing to the scalar character of the length-scale equations published
in the literature, all the sink, source, and diffusion terms on the right-hand sides of
the equations had to be modelled empirically.

To preserve the tensorial character of the two-point correlation equation and to
avoid the large number of assumptions which significantly decreases the theoretical
reliability of the length-scale equation, a few authors introduced the concept of a
tensor length-scale equation. A preliminary suggestion for a tensor length scale has
been made by Wolfshtein, Naot & Lin (1975). In a series of papers Donaldson and co-
workers (Sandri 1977, 1978; Sandri & Cerasoli 1981; Donaldson & Sandri 1981) first
developed a closed tensor length-scale equation. They approximated the correlation
function Rij as a delta function, leading to the elimination of some terms in the tensor
length-scale equation. In addition, they used empirical models for several terms where
exact terms can be calculated. Approximately at the same time but independent of
Donaldson and co-workers, Lin & Wolfshtein (1979) developed a tensor length-scale
equation. However, later it was shown by Kassinos & Reynolds (1990) that Lin &
Wolfshtein neglected some fundamental terms in their approach.

Here, the route initiated by Rotta (1951a,b) will be followed. New information
will be extracted from the two-point correlation tensor equations to develop a new
Reynolds stress second-moment closure model. The final model consists of a dissipa-
tion rate tensor equation derived through a new length-scale tensor equation and an
extended linear model for the pressure–strain correlation. Both the dissipation rate
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tensor equation and the pressure–strain correlation account for compressibility effects
in the limit of small Mach numbers.

In §2 a short introduction to the two-point correlation equations is given. In
§3 the basic asymptotic limit and the tensor invariant model for the two-point
correlation functions is introduced. Furthermore, a model for the triple-correlation
will be developed. In the last subsection the tensor length-scale equation will be
derived. In §4 the Kolmogorov relation between the turbulent kinetic energy, the
dissipation rate and the integral length scale is extended to tensor-valued functions
and a tensor dissipation rate equation is developed. In §5 a low-Mach-number
compressibility extension of the linear pressure–strain model has been recast and
turbulent transport models have been introduced. In §6 the model equations will
be integrated numerically for four homogeneous and two inhomogeneous test cases.
Model results will be compared with large-eddy simulation (LES), direct numerical
simulation (DNS) and experimental data.

2. Governing equations
Consider the compressible Navier–Stokes equations in the limit of small Mach

number. Splitting the velocity and pressure into their means ūi, p̄ and their fluctuations
ui, p the Reynolds-averaged Navier–Stokes and continuity equations are

Dūi
Dt

= − ∂p̄
∂xi

+ ν
∂2ūi

∂xk∂xk
− ∂uiuk

∂xk
− 2eijkΩkūj , (2.1a)

1

ρ

∂ρ

∂t
+
∂ūk

∂xk
= 0. (2.1b)

In (2.1a) and subsequently D/Dt = ∂/∂t+ūk∂/∂xk and uiuj , ν and Ωk are, respectively,
the Reynolds stress tensor, the kinematic viscosity and the rotation rate of the
coordinate system relative to an inertial frame. The density ρ is only a function of
time and not subjected to the turbulent fluctuations. In (2.1a) the mean pressure p̄
has been normalized with ρ.

To obtain a model for the Reynolds stress tensor uiuj the concept of two-point
correlation will be introduced. The two-point one-time correlations are defined as

Rij(x, r, t) = ui(x, t) uj(x(1), t),

R(ik)j(x, r, t) = ui(x, t) uk(x, t) uj(x(1), t),

puj(x, r, t) = p(x, t) uj(x(1), t),

 (2.2)

which are functions of the physical and the correlation space coordinates xk and
rk = x

(1)
k − xk respectively. The two-point correlation Rij converges to the Reynolds

stress tensor in the limit of zero separation rk .
From the transport equation for the turbulent fluctuation velocity ui the two-point

correlation equation may be derived:

DRij
Dt

= −Rkj
∂ūi(x, t)

∂xk
− Rik

∂ūj(x+ r, t)

∂xk
− [ūk (x+ r, t)− ūk (x, t)]

∂Rij

∂rk

−1

ρ

[
∂puj

∂xi
− ∂puj

∂ri
+
∂uip

∂rj

]
+ ν

[
∂2Rij

∂xk∂xk
− 2

∂2Rij

∂xk∂rk
+ 2

∂2Rij

∂rk∂rk

]
−∂R(ik)j

∂xk
+

∂

∂rk

[
R(ik)j − Ri(jk)

]
− 2Ωk

[
ekliRlj + ekljRil

]
. (2.3)
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The divergence ∂/∂xi − ∂/∂ri of the latter equation leads to a Poisson equation for
puj:

1

ρ

[
∂2puj

∂xk∂xk
− 2

∂2puj

∂rk∂xk
+
∂2puj

∂rk∂rk

]
= −2

[
∂ūk(x, t)

∂xl
+ emlkΩm

][
∂Rlj

∂xk
− ∂Rlj

∂rk

]
−
[
∂2R(kl)j

∂xk∂xl
− 2

∂2R(kl)j

∂xk∂rl
+
∂2R(kl)j

∂rk∂rl

]
. (2.4)

The dependent variables in (2.3) and (2.4) have to satisfy the continuity conditions

∂Rij
∂xi
− ∂Rij

∂ri
= 0,

∂Rij
∂rj

= 0, (2.5a)

∂R(ik)j

∂rj
= 0,

∂pui
∂ri

= 0. (2.5b)

From geometrical considerations the remaining unknowns Ri(jk) and uip are related
to R(jk)i and pui by

Ri(jk)(x, t; r) = R(jk)i(x+ r, t;−r) and uip(x, t; r) = pui(x+ r, t;−r). (2.6)

It is worth mentioning that the only term to be modelled in the system (2.3)–(2.6) is
the triple correlation R(ik)j , to be discussed in §3.2. Equation (2.3) can be reduced to
the Reynolds stress equations by introducing the limit rk → 0:

Duiuj
Dt

= Pij + Φij − 2 εij + Dij + νDij + Cij , (2.7)

where

Pij = −
[
uiuk

∂ūj
∂xk

+ ukuj
∂ūi
∂xk

]
, Φij =

p
ρ

[
∂uj
∂xi

+ ∂ui
∂xj

]
,

εij = ν
∂ui
∂xk

∂uj
∂xk

, Dij = ∂
∂xk

[
−uiujuk − p/ρ(uiδjk + ujδik)

]
,

νDij = ν
∂uiuj
∂xk∂xk

, Cij = −2Ωk
[
ekliujul + ekljuiul

]
(2.8)

are, respectively, the production term, the pressure–strain correlation, the dissipation
rate, the turbulent diffusion correlation, the viscous diffusion term, and the Coriolis
term. In the Reynolds stress equations there are more functions to be modelled than
in the two-point correlation equation. The information which is needed for the closure
is contained in the two-point correlation equations. Within this approach, a model for
a length-scale tensor Lij will be derived, or alternatively the dissipation rate tensor
εij and the pressure–strain correlation Φij will be modelled.

3. Derivation of the tensor length-scale equation
In order to obtain information about Rij , without solving the system (2.3)–(2.6) in its

full six-dimensional complexity, an integral form of equation (2.3) will be considered.
The continuity equations (2.5a) are satisfied by introducing a tensor potential Vmn
which is related to the correlation function Rij by

Rij = eikm ejln

[
∂

∂xk
− ∂

∂rk

]
∂Vmn

∂rl
, (3.1)
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where eijk is the alternating tensor. For example, if isotropic turbulence is considered,
the ansatz

Vmn = − 1
2
u2 δmn

∫ r

0

f(r) r dr with r = |r| (3.2)

leads to the well-known result

Rij = u2

[
δij
(
f + 1

2
rf′
)
− ri rj

2 r
f′
]
, (3.3)

first developed by von Kármán & Howarth (1938).
To preserve the tensorial character of the correlation function and to account for

non-isotropic effects in Rij , a generalization of (3.2) may be derived using tensor
invariant theory (Spencer 1971). To avoid unclosed terms in the length-scale tensor
equation and in the pressure–strain correlation the ansatz for Vmn should obey the
following restrictions:

(i) Vmn is only a function of the correlation vector rk and a new symmetric tensor∫ r
0
Fmn r dr,

(ii) Vmn is linear in the tensor
∫ r

0
Fmn r dr,

(iii) Vmn has the dimension
[
r2Fmn

]
, where Fmn has the dimension of the Reynolds

stress tensor.
Considering this, the most general formulation for Vmn contains eight independent
tensor functions, as given in Appendix A and is an extension of the work by Naot et al .
(1973). Three tensor forms become singular or cancel in the subsequent calculations.
The remaining five are

Vmn = α1

∫ r

0

Fmn r dr + α2 δmn

∫ r

0

Fkk r dr + α3 δmn
rk rl

r2

∫ r

0

Fkl r dr

+ α4

rm rn

r2

∫ r

0

Fkk r dr + α5

[
rm rk

r2

∫ r

0

Fnk r dr +
rn rk

r2

∫ r

0

Fmk r dr

]
. (3.4)

The introduction of the potential function Vmn into (3.1) involves five coefficients
α1–α5 which are not independent of each other. This is because the tensor Fij has to
obey an arbitrary, but fixed, one-point limit. Here, it is

uiuj = Rij(x, t; r = 0) = Fij(x, t; r = 0), (3.5)

which yields

α1 = 1− α3 + α5 and α2 = 1
2

[−1 + α4] . (3.6)

3.1. Velocity correlation model and local homogeneity

The basic assumptions for the subsequent derivation are two asymptotic limits. In the
first one, it will be postulated that, to the leading order, each element of Fij is solely
a function of the absolute value of the correlation distance r, but the dependence on
the spatial coordinate x and the time t still remains. Thus,

Fij = Fij(x, t; |r|), (3.7)

which is called a quasi-isotropic tensor. Introducing (3.4) into (3.1) by considering the
limit (3.7), the final model for Rij is obtained.

It has been shown by Oberlack, Rogers & Reynolds (1994), using a slightly modified
form of (3.4), that the asymptotic limit (3.7) models the DNS data of a homogeneous
shear flow to within a few per cent.
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In turbulent flows sufficiently far away from solid walls, the variation in correlation
space dominates the variation in physical space and hence a local homogeneity
assumption of the two-point correlation equations (2.3)–(2.6) may be in order. Three
parameters are defined which obey the following asymptotic limits:

ε =
l

L
� 1, γ =

u′

U
� 1 and Ret =

lu′

ν
� 1, (3.8)

where l, L, u′ and U are, respectively, characteristic measures of the integral length
scale, an external body length scale, the fluctuation velocity and the mean velocity.

Close to solid walls ε, γ and Ret may be of order one. Thus, (3.8) loses its validity
and viscous effects may become dominant. Sufficiently far from the wall a consistent
asymptotic expansion can only be established if ε = γ and 1/(ε2Ret)→ 0 and the flow
variables in the two-point correlation system (2.3)–(2.6) are expanded as

rk = ξk ε (3.9)

and

ūi = ū
(0)
i (x, t) + O(ε), Rij = ε2R

(0)
ij (x, t; ξ) + O(ε3),

R(ij)k = ε3R
(0)
(ij)k(x, t; ξ) + O(ε4), puj = ε3puj

(0)(x, t; ξ) + O(ε4).

}
(3.10)

Using this in (2.3)–(2.6), the leading-order equations contain only x-derivatives
with respect to the mean flow. The only exception is the convection term where the
x-derivative with respect to Rij still remains. Most important is that the non-local
terms simplify to local derivatives. In the following the superscript (0) will be omitted.

3.2. Closure of the triple correlation

Any model for R(ik)j has to comply with (2.5b). Thus the triple correlation is expressed
as a tensor potential H(ik)m:

R(ik)j = ejlm
∂H(ik)m

∂rl
, (3.11)

where H(ik)m has to be symmetric in the first two indices. It is assumed that the model
for H(ik)m is solely a functional of the correlation distance rk and the symmetric tensor
Fij . From this, a minimal integrity basis is composed to obtain a frame-invariant
formulation for H(ik)m. In general, this leads to eight terms by admitting only linear
invariants of Fij with the dimension

[
r2Fij

]
divided by an integral time scale. The eight

terms are not all linearly independent. Hence, the following model is restricted to two
terms plus a nonlinear isotropic turbulence model developed and tested previously by
Oberlack, Peters & Kivotides (1991) and Oberlack & Peters (1992). The ansatz

H
[1]
(ik)m =

[
emil rk + emkl ri

] rl
4 r
K (3.12)

leads to the isotropic form of R(ik)j first developed by von Kármán & Howarth (1938).
For K Oberlack et al . (1991) have proposed

K =

√
2

5(3C)3/2
(2 k − Fjj)1/2 ∂Fnn

∂r
, (3.13)

where C is the Kolmogorov constant and k is the turbulent kinetic energy. The new
non-isotropic model is defined by

H
[2]
(ik)m = β1 emnl

[
Fin rk + Fkn ri

]rl k3/2

Ljj

+ β2

[
eilm Flk + eklm Fli

] r2 k3/2

Ljj

. (3.14)
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The expressionLjj is an integral of Fjj , as defined by (3.16) in the next subsection.

The final model consists of the sum of the two terms H [1]
(ik)m and H [2]

(ik)m. In §5 it will be
shown that the non-isotropic model (3.14) leads to Rotta’s return-to-isotropy model
of the pressure–strain correlation (Rotta 1951a). Of course, the isotropic model does
not contribute to the pressure–strain model.

3.3. The tensor length-scale equation

To derive a tensor length-scale equation, the integral operator

ψ(·) =
1

4π

∫
Vr

(·) d3r

r2
(3.15)

introduced by Sandri (1977) will be applied to (2.3) in order to eliminate the correlation
coordinate rk . To make the quantity

Lij =
1

4π

∫
Vr

Fij
d3r

r2
(3.16)

the new dependent transport variable, the remaining coefficients α3–α5 are rescaled to

a1 =
α3

7

24

5 + 3α3 − 5α5

and a2 =
1

5

5 + 3α3 − 5α5

1 + 3α4 + 2α5

(3.17)

because only two of the parameters α3–α5 are linearly independent.
The following is a brief description of the derivation of the leading-order integrals

in (2.3). Substituting Rij by (3.1), (3.4) and (3.7), the quasi-isotropic tensor functions
are evaluated using the formulas in Appendix B. As a result one obtains

ψ
[
Rij
]

=Lij

[
2
3

+ 2
5
α3 − 2

3
α5

]
+ δijLkk

[
− 2

15
α3 + 2

3
α4 + 2

3
α5

]
. (3.18)

In (2.3) the latter formula applies directly to both terms on the left-hand side and to
the first two and the last term on the right-hand side. The evaluation of the last term
in the first line of (2.3) and the calculating of the triple correlation may be carried out
similarly while for the triple correlation the model (3.12)–(3.14) has been employed.
Finally, to compute the integral of the pressure–velocity correlation puj , (2.4) has
been solved explicitly using the Green’s function for an infinite domain, which to the
leading order is

puj(r) = − ρ

4π

∫
V
r(1)

[
2

(
∂ūk

∂xl
+ emlkΩm

)
∂Rlj

∂r
(1)
k

− ∂2R(kl)j

∂r
(1)
k ∂r

(1)
l

]
d3r(1)

|r − r(1)| . (3.19)

Using this in (2.3), the application of the integral operator (3.15) results in a double
space integral. Integration by parts and interchanging the order of the integration
allows the evaluation of one volume integral. The remaining integral is given by

ψ

[
1

ρ

∂puj

∂ri

]
=

1

4π

∫
Vr

[
2

(
∂ūk

∂xl
+ emlkΩm

)
∂2Rlj

∂rk∂ri
− ∂3R(kl)j

∂rk∂rl∂ri

]
ln(|r|)d3r. (3.20)

Using integration by parts again and introducing (3.1), (3.4), (3.5), and (3.7), the
integral can be computed in the same manner as all the previous terms.

Collecting the integrals for each single term, an equation for the tensor length scale
Lij is derived. It contains δijLkk in the convection term as may be seen from (3.18).
Taking the trace of this equation and subtracting it, after multiplication by δij and a
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certain factor from the previous tensor equation, the final tensor length-scale equation

DLij

Dt
= 1LPij + 2LPij + LΦij − LEij + LCij (3.21)

is obtained. Here

1LPij = −
[
Lik

∂ūj

∂xk
+Ljk

∂ūi

∂xk

]
, (3.22a)

2LPij =

[
2

3
− 28

15
a1a2 −

8

15
a2

]
δijLkl

∂ūk

∂xl
+

[
−1

9
+

8

45
a2 +

28

45
a1a2

]
δijLkkS̄ll , (3.22b)

LΦij =

[
2

15
− 1

3a2

+
32

15
a1

] [
S̄ij −

δij

3
S̄kk

]
Lkk +

[
2

5
+

56

15
a1

] [
WikLjk +WjkLik

]
+

[
−1

5
+

32

15
a1

] [
Lij −

δij

3
Lkk

]
S̄kk

+

[
4

5
− 16

5
a1

] [
S̄ikLjk + S̄jkLik −

2

3
δij S̄klLkl

]
− cLR

[
Lij

Lkk

− δij

3

]
k3/2, (3.22c)

LEij = cLk
3/2Lij

Lkk

, LCij = −2Ωk
[
ekliLjl + ekljLil

]
. (3.22d,e)

The quantity Lij divided by the kinetic energy has the dimension of a length
scale. Equation (3.21) plays the role of a new length-scale equation in non-isotropic
turbulence modelling and Lij will therefore be referred to as a length-scale tensor
function. The coefficients cLR and cL are functions of the parameters C, β1 and β2. In
(3.22) S̄ij is the mean rate of strain, ω̄ij is the mean-vorticity tensor and Wij is the
absolute mean-vorticity tensor defined by

S̄ij =
1

2

(
∂ūi

∂xj
+
∂ūi

∂xj

)
, ω̄ij =

1

2

(
∂ūi

∂xj
− ∂ūi

∂xj

)
, and Wij = ω̄ij + emji Ωm, (3.23)

respectively.
To see the origin of each term in (3.22) it is convenient to trace back to the two-

point correlation equation (2.3). The first production term 1LPij and the Coriolis term
LCij have clear counterparts in the first and last lines of (2.3). The second production
term 2LPij and one part of the redistribution term LΦij arise out of the last term in the
first line of (2.3) which has no corresponding term in the Reynolds stress equation,
because it vanishes in the limit of rk → 0. The major part of the redistribution term
LΦij originates from the pressure–velocity correlation, the first term in line two of (2.3).
The latter and the sink term LEij are the only terms that contain the model for the
triple correlation. For second-moment closure, a frame-invariant and dimensionally
correct relation between the tensor length-scale function Lij and the dissipation rate
tensor εij is needed.

4. The dissipation rate tensor equation
In turbulence modelling on the level of second-moment closure models a dissipation

rate or an integral length-scale equation are assumed to be an equivalent formulation
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for the underlying physics. A familiar statement of this fact is the well-known scalar
relation ε ∼ k3/2/l. A generalization of this relation to tensor notation should be an
invariant formulation which relates the length-scale tensor function to the dissipation
rate tensor.

Similar to the above scalar relation it is assumed that the length-scale tensor Lij

is only a function of the dissipation rate and the Reynolds stress tensor. The Cayley
Hamilton theorem yields (Spencer 1971)

Lij =
1

2

k5/2

ε

2∑
m,n=0

ϕ(m,n)

[
bmik d

n
kj + dnik b

m
kj

]
, (4.1)

where bij and dij are the anisotropy parts of the Reynolds stress and the dissipation
rate tensor, ε is the scalar dissipation rate and k is the turbulent kinetic energy,
respectively,

bij =
uiuj

2k
− δij

3
, dij =

εij

ε
− δij

3
, ε = εkk and k =

ukuk

2
. (4.2)

In general, each ϕ(m,n) depends on the eight tensor invariants

IIb = b2
kk, IIIb = b3

kk, IId = d2
kk, IIId = d3

kk,

Ibd = bijdji, IIbd = b2
ijdji, IIIbd = bijd

2
ji, IVbd = b2

ijd
2
ji.

}
(4.3)

To leading order, Lij is restricted to be a linear function of bij and dij . Thus, all
nonlinear tensor products in (4.1) vanish and the remaining coefficients ϕ(0,0), ϕ(1,0)

and ϕ(0,1) are constants. During the calibration process, ϕ(1,0) has been set equal to
zero to avoid unrealizable results.

With the aid of (4.1), (3.21) may be converted to a dissipation rate tensor equation.
From a computational point of view this is not necessary. However, it makes it easier
to compare to other turbulence models which are usually proposed in conjunction with
a dissipation rate equation. Taking the substantial derivative D/Dt of (4.1), one can
derive a new tensor dissipation rate equation by replacing the substantial derivatives
of the Reynolds stress uiuj and the tensor length scale Lij by the right-hand sides of
(2.7) and (3.21) respectively. This yields

Dεij
Dt

= 1εPij + 2εPij + εΦij − εEij + εCij . (4.4)

Equation (4.4) contains four arbitrary constants: a0 = ϕ(0,0)/(ϕ(0,1)a2), a1, c
ε
R and cε2 :

cε2 and cεR are functions of the triple correlation model coefficients; cε2 has been set
equal to 1.92 to match the limit of isotropic turbulence. The remaining three constants
have been adjusted to some reference flows as will be seen in §6. The final form for
each term in (4.4) then follows as

1εPij = − εik
∂ūj

∂xk
− εjk

∂ūi

∂xk
, (4.5a)

2εPij = − 5 εij
uluk

2k

∂ūl

∂xk
+

[
1

9
− 4

135a0

(2 + 7a1)

]
δij ε S̄kk

+
2

15 a0

[(
2
εij

ε
− 1

3
δij

)
(4 + 14 a1) + 5 a0 δij

]
εkl
∂ūk

∂xl
, (4.5b)
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εΦij =

[
7

15
+

32

15
a1 −

8

45a0

(2 + 7a1)

]
S̄kk

[
εij −

δij

3
ε

]
+

[
2

5
+

56

15
a1

] [
Wikεjk +Wjkεik

]
+

[
2

15
− a0 +

32

15
a1

]
ε

[
S̄ij −

δij

3
S̄kk

]
+

[
4

5
− 16

5
a1

] [
S̄ikεjk + S̄jkεik −

2

3
δij S̄klεkl

]
− cεR

ε2

k
dij , (4.5c)

εEij = cε2
ε

k
εij ,

εCij = −2Ωk
[
ekli εjl + eklj εil

]
. (4.5d,e)

The production term 1εPij and the Coriolis term εCij are consistent with the exact
dissipation rate equation as they should be, since these are the only terms requiring
no closure. The dilatational part of the production terms is consistent with rapid
distortion theory in the limit of uniform compression.

The path which led to the dissipation rate tensor equation (4.4) is different from
the direct approach introduced by Tagawa et al . (1991) or Speziale & Gatski (1997).
Tagawa and coworkers closely followed the form of the classical scalar dissipation
rate equation and modelled each single term separately. In their model they neglected
a production term which may be important.

Speziale & Gatski divided all unclosed terms into ‘rapid’ and ‘slow’ and modelled
them separately. The coefficient of the mean velocity gradient in the rapid terms may

be written in terms of a generalized dissipation rate tensor fijkl = 2ν(∂uk/∂xi)(∂ul/∂xj).
The latter fourth-order tensor is modelled in terms of the dissipation rate tensor in
the most general linear tensorially invariant form. Owing to the normalization and
the symmetries of fijkl , the final model only contains one unknown constant similar
to the rapid pressure–strain model in the Launder et al. (1975) (LRR) model. Speziale
& Gatski’s rapid model can be further divided into a part which contributes to the
production and another which corresponds to the redistributes of the dissipation
rate. Both terms correspond to, respectively, 2εPij and εΦij . The redistribution term has
exactly the same form as in Speziale & Gatski and the sum of their production term
models is very similar to 1εPij +2εPij in (4.5).

5. The pressure–strain correlation and turbulent transport model
The pressure–strain correlation Φij which has the same order of magnitude as εij

can be tackled without additional closure assumptions by extending the work of Naot
et al . (1973) to compressed turbulence.

As first shown by Chou (1945), the pressure–strain correlation Φij can be expressed
as an integral of the two-point correlation function

Φij =
p

ρ

[
∂uj

∂xi
+
∂ui

∂xj

]
= Φijrapid

+ Φijreturn
+ Φijsurf

, (5.1)

where

p
∂ui

∂xj
=

1

4π

∫
Vr

[
2

(
∂ūk

∂xl
(x+ r) + emlk Ωm

)(
∂2Ril

∂xj∂rk
− ∂2Ril

∂rj∂rk

)
+

(
∂

∂xj
− ∂

∂rj

)
∂2Ri(kl)

∂rk∂rl

]
d3r

|r| + p
∂ui

∂xj

∣∣∣∣
surf

. (5.2)
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Model c1 c2 c3 c4

LRR 0.8 1.31 1.75 –
GL 0.8 1.2 1.2 –
Present 0.8 0.8 2.4 −1.6

Table 1. Constants of the pressure–strain models

The surface integral Φijsurf
is relevant only near solid boundaries and thus has been

neglected in the analysis. Introducing (3.1) into (5.2) and considering (3.4)–(3.10), the
rapid term integral in (5.2) can be calculated and is given by

Φijrapid
= c1

[
S̄ij − 1

3
δij S̄kk

]
k + c2

[
Wikbjk +Wjkbik

]
k

+c3

[
S̄jkbik + S̄ikbjk − 2

3
δij S̄klbkl

]
k + c4 bij S̄kk k, (5.3)

where

c1 = 4
5
, c2 = 4

5
+ 7 a3, c3 = 12

5
− 9 a3, c4 = − 8

5
+ 6 a3, a3 = 35

16
α3. (5.4)

The incompressible part of the rapid term model (5.3) has the same form as the LRR
model and was first developed by Naot et al . (1973).

For comparison, the coefficients of the LRR and the Gibson & Launder (1978)
models (GL) have been included in table 1. Apart from the coefficient c1, which has
been calculated by Crow (1968) using rapid distortion theory, the other constants
in table 1 differ significantly from the present model which has been proposed with
α3 = 0. The reason for the difference is twofold. First, most models are proposed in
combination with a scalar dissipation rate equation and the anisotropy effects of the
dissipation rate tensor are modelled as part of the slow pressure–strain correlation.
Second, the modelling constants are usually fixed from experiments and thus other
turbulence effects which are not separable from the pressure–strain correlation are
included in their values.

Finally, introducing the model for the triple correlation (3.14) and (3.11) into (5.2),
Rotta’s well-known model (Rotta 1951a) for the return term of the pressure–strain
correlation

Φijreturn
= −cR ε bij (5.5)

is recovered.
It should be emphasized that the basic assumption for the derivation of the length-

scale equation (3.21) as well as for the pressure–strain correlation (5.3) is (3.7). It leads
to an algebraic function for the pressure–strain correlation, which has been adopted
in almost all second-moment closure models. In addition, using (3.7) avoids further
unclosed terms in the tensor length-scale equation apart from the triple correlation
function.

It can be shown that (3.7) is implicitly used in all nonlinear algebraic models for the
pressure–strain correlation. Only the model for the tensor potential in (3.4) has to be
extended to nonlinear tensor forms. Without restrictions like (3.7) for the correlation
space dependence of Rij , one has to solve a transport equation for (5.2) as has been
shown by Oberlack (1994b) or a modified Hemholtz equation has to be solved as
suggested by Durbin (1993).

For the calculation of the parabolic two-dimensional flows in the next section the
turbulence model has been extended by adding a semi-empirical turbulent diffusion
term to the Reynolds stress and the dissipation rate tensor transport equations (2.7)
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and (4.4), respectively, which become

Duiuj
Dt

= Pij + Φij − 2 εij + Cij + cs
∂

∂xk

[
k

ε
ukul

∂uiuj

∂xl

]
(5.6)

and
Dεij
Dt

= 1εPij + 2εPij + εΦij − εEij + εCij + cε
∂

∂xk

[
k

ε
ukul

∂εij

∂xl

]
. (5.7)

The model constants in (4.5), (5.4) and (5.5) to be used in the subsequent computations
are

a0 = 0.05, a1 = 0, cεR = 0.8, cε2 = 1.92,

a3 = 0, cR = 4, cs = 0.0895, cε = 0.0688.

}
(5.8)

In Oberlack (1994a), the constants cε and cs have been chosen to meet the law of the
wall. The remaining constants have been optimized previously in Oberlack (1994b)
using homogeneous flows.

In the experiment of Maréchal (1972) there is some indication that the return to
isotropy for the small scales may be similar to or faster than for the large scales.
From the choice of cR and cεR it may appear that the return to isotropy of the
Reynolds stresses is much faster than for the dissipation rate tensor. However, writing
(5.6) and (5.7) in terms of bij and dij one sees that the actual coefficients of the
return-to-isotropy terms are of the same order of magnitude.

The solid wall boundary conditions for uiuj and εij have been made consistent with
the logarithmic law of the wall and the constant-stress-layer assumption is imposed.
The first computational point is chosen to lie in the log region. The Reynolds stresses
and the dissipation rate tensor have been normalized with the shear stress velocity
and the distance from the wall according to

uiuj = u2
τuiuj

∗, εij =
u3
τ

y
ε∗ij with uτ =

(
ν
∂ū

∂y

∣∣∣∣
w

)1/2

, (5.9)

where uiuj
∗ and ε∗ij are constants. Employing this in (2.1), (5.6) and (5.7) a nonlinear

set of algebraic equations for uiuj
∗ and ε∗ij is obtained. In the actual computation of a

wall-bounded flow the algebraic equations are solved in conjunction with (2.1), (5.6)
and (5.7). The latter procedure has been employed for the computation of both the
non-rotating and the rotating channel flow in §6.2.

6. Results
The dissipation rate tensor model has been tested using four independent ho-

mogeneous and two inhomogeneous two-dimensional test cases. In all test cases
the Reynolds stress anisotropy is bij = O(0.3) while the dissipation anisotropy is
dij = O(0.05)

6.1. Homogeneous turbulence subjected to constant mean velocity gradients

In the following three subsections, §§6.1.1–6.1.3, homogeneous turbulence subjected
to a constant mean velocity gradient is considered. All the initial conditions at t = 0
correspond to a state of isotropic turbulence where

bij = 0, dij = 0, k = k0, ε = ε0. (6.1)

Each of the following four test cases will be compared with the LES of Bardina et



364 M. Oberlack

1086420

1

2

3

4

k
k0

St

Figure 1. Evolution of the turbulent kinetic energy subjected to mean shear with ε0/ (S k0) = 0.18:
——–, present model; – – –, LRR model; ◦, LES data of Bardina et al . (1983).

al . (1983) or with the DNS data of Lee & Reynolds (1985). The results of the widely
used LRR model have also been included.

It can be shown that any solution for homogeneous shear flow with the initial
conditions (6.1) depends only on the time-scale ratio ε0/ (S k0) where S is the inverse
time scale of the mean flow defined in (6.2), (6.3) and (6.4) for each particular flow to
be considered.

6.1.1. Homogeneous shear turbulence

The first homogeneous flow to be investigated is the homogeneous shear flow
defined by the mean velocity gradient

∂ūi

∂xj
=

 0 S 0
0 0 0
0 0 0

 . (6.2)

It can be seen from figure 1 that until St ≈ 1 slow effects dominate the flow and
the LRR as well as the new model capture the weak decrease of the turbulent kinetic
energy. This trend is usually reproduced by common Reynolds stress models, but
cannot be modelled by two-equation models. At about St ≈ 2 the LRR model starts
to deviate significantly from the weakly increasing curve given by the LES data. The
present model is well in line with the entire set of LES data. This is an indication for
the correct growth rate for large times even though no further data are provided.

6.1.2. Homogeneous turbulence subjected to plane strain

The second test case considers the evolution of the turbulent kinetic energy and the
Reynolds stress anisotropy tensor for homogeneous plane strain. The mean velocity
gradient is given by

∂ūi

∂xj
=

 S 0 0
0 −S 0
0 0 0

 . (6.3)

As shown in figure 2(a), good agreement with the DNS data of Lee & Reynolds
(1985) for both the LRR model and the present model is obtained. On the other hand,
the corresponding non-zero components of the Reynolds stress anisotropy tensor in
figure 2(b) are significantly better for the dissipation rate tensor model. In particular
the tensor component b11 in the LRR model decreases, while the dissipation rate
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Figure 2. Evolution of the Reynolds stress tensor subjected to plane strain with ε0/ (S k0) = 0.25:
——–, present model; – – –, LRR model; ◦, DNS data of Lee & Reynolds (1985). (a) Turbulent
kinetic energy, (b) Reynolds stress anisotropy tensor.
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Figure 3. Evolution of the Reynolds stress tensor subjected to axisymmetric expansion with
ε0/ (S k0) = 0.245: ——–, present model; – – –, LRR model; ◦, DNS data of Lee & Reynolds
(1985). (a) Turbulent kinetic energy, (b) Reynolds stress anisotropy tensor.

tensor model reproduces the trend of a weakly increasing b11 given by the DNS
data.

6.1.3. Homogeneous turbulence subjected to axisymmetric expansion and contraction

The mean velocities for both test cases are three-dimensional, in contrast to the
two flows considered above. The mean velocity gradients for the expansion and the
contraction flow are, respectively, defined by

∂ūi

∂xj
=

 −S 0 0
0 1

2
S 0

0 0 1
2
S

 and
∂ūi

∂xj
=

 S 0 0
0 − 1

2
S 0

0 0 − 1
2
S

 . (6.4)

Again, the present model has been compared with the LRR model and with the
DNS data of Lee & Reynolds (1985). From figures 3 and 4 it is clear that the
dissipation rate tensor model performs much better than the LRR model and gives
results which are almost identical to the DNS data.

6.2. Turbulent channel flow in a rotating system

To leading order, both the rotating channel flow and the turbulent plane jet are
considered to have parabolic character and have been computationally treated as
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Figure 4. Evolution of the Reynolds stress tensor subjected to axisymmetric contraction with
ε0/ (S k0) = 0.0179: ——–, present model; – – –, LRR model; ◦, DNS data of Lee & Reynolds
(1985). (a) Turbulent kinetic energy, (b) Reynolds stress anisotropy tensor.
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Figure 5. Flow configuration for the turbulent rotating channel flow.

such. The most reliable measurements of turbulent flow in a rotating channel flow
are probably those carried out by Johnston, Halleen & Lazius (1972). Kristoffersen
& Andersson (1993) have undertaken direct numerical simulations of the rotating
turbulent channel flow for several different rotation numbers Ro where

Ro =
ΩD

ūm
with ūm =

∫ D

0

ū1(x2) dx2. (6.5)

A sketch of the flow geometry is given in figure 5.
The hydrostatic pressure due to the rotation can be absorbed into the mean

pressure and hence does not appear explicitly in the equations. This is only valid
for a constant rotation rate. As a result, the shear stress profile for u1u2 + ν∂ū1/∂x2

is linear with an arbitrary additive constant. In the non-rotating channel flow the
variation is symmetric with respect to the channel axis, while in the rotating case
the Coriolis forces in the Reynolds stress and in the dissipation rate tensor equation
give rise to asymmetric profiles for all quantities. As a result, the wall shear stress is
different for both sides. The flow on the pressure side (x2 = 0) is destabilized, leading
to an increase of the wall friction velocity uτD . On the other hand, the turbulence on
the suction side (x2 = D) becomes stabilized which lowers the wall friction velocity
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Figure 6. Mean velocity in a turbulent channel flow at Ro = 0: ——–, present model; ◦,
experimental results of Johnston et al . (1972). (a) Linear scaling, (b) logarithmic scaling.
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Figure 7. Mean velocity in a rotating turbulent channel flow at Ro = 0.068 and Re = 35000:
——–, present model; – – –, Launder et al . (1987); ◦, experimental results of Johnston et al . (1972).

uτS . However, the total conservation of the wall friction is independent of the system
rotation and thus the following relation holds:

u2
τ = 1

2

(
u2
τD

+ u2
τS

)
, (6.6)

where uτ is a constant. All quantities have been non-dimensionalized with uτ and the
channel width D.

The boundary conditions for the mean velocity and the turbulent quantities have
been chosen according to the law of the wall and a constant-stress-layer assumption
as explained in §5. Since no near-wall scaling law is known for the rotating case
and the rotation number is small for all cases, the latter boundary condition has
been adopted for all values of Ro. However, it should be stressed that no near-wall
damping functions have been introduced.

In figures 6 and 7 the numerical results for the present model for zero and non-
zero rotation numbers are compared with the experiments by Johnston et al . (1972).
In figure 7 the results from the second-moment model by Launder, Tselepidakis
& Younis (1987) have also been included. In the non-rotating test case the new
dissipation rate tensor model and the experimental results are in good agreement.
Some minor deviations are present for the rotating channel flow but the overall
behaviour of ū is reproduced very well. In the rotating case the model of Launder
et al . produces slightly better results near the centreline while the present model
performs better close to the walls. This is surprising since the present model has
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Figure 8. Mean velocity in a rotating turbulent channel flow: ——–, present model; – – –, DNS
data of Kristoffersen & Andersson (1993). (a) Ro = 0.1, (b) Ro = 0.2.
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Figure 9. Wall friction velocities for the pressure and the suction side: ×, present model; �, DNS
data of Kristoffersen & Andersson (1993); ◦, LES data of Miyake & Kajishima (1986); experimental
data of Johnston et al . (1972): 2, Rem = 5500; 4, 23400 < Rem < 36000.

not been used in conjunction with a near-wall damping function while the model of
Launder et al . makes use of it.

A second comparison of the turbulent channel flow has been made using the
DNS data of Kristoffersen & Andersson (1993) at Re = 5800. In figure 8(a,b) mean
velocities are shown for two different rotation numbers. In both cases the deviation
from the DNS only amounts to a few percent but become slightly larger with
increasing rotation number.

The last test case is the comparison of the wall friction velocities uτD and uτS from
different computations and experiments as shown in figure 9. All the calculations
reproduce the general experimental tendencies but the scatter amongst the results is
large. The results from the present model follow closely the DNS data.

6.3. The turbulent plane jet

A classical inhomogeneous test problem for turbulence models is the turbulent plane
jet. The flow is independent of any solid walls and the turbulence level at the edges
of the jet has only a weak influence on the flow. A schematic picture of the flow
geometry and the coordinate system is shown in figure 10.
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Figure 10. Schematic picture of the turbulent plane jet.
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Figure 11. Mean velocities in a plane jet: ——–, present model vs. the experimental results of
Bradbury (1965) at a Reynolds number Rem = 30000. (a) – – –, axial velocity, (b) ◦, lateral velocity.

Experiments indicate that after the flow has developed for several nozzle diameters
and if the velocity of the surrounding fluid is sufficiently low, the mean velocity
converges to a self-similar profile. This has been used by Bradbury (1965) for the
presentation of his experimental results assuming that the velocities are of the form

ū1 = Ū1 + Ū0ū
∗
1

(
x2/δ

)
and ū2 = Ū0ū

∗
2

(
x2/δ

)
, (6.7)

where δ = δ(x1) characterizes the jet width. The Reynolds stresses and the dissipation
rate tensor are normalized as

uiuj = Ū2
0uiuj

∗ (x2/δ
)

and εij =
Ū3

0

δ
ε∗ij
(
x2/δ

)
. (6.8)

Bradbury has tested several different values for the outer flow velocity Ū1 and he
has found no influence on the self-similarity of the mean velocities and the turbulent
quantities. Following Bradbury, all the results in this subsection have been computed
with Ū1/Ū0 = 2%. The computation in the main flow direction was stopped at 200δ0,
where δ0 is a characteristic jet width at the beginning of the calculation, and 200δ0

corresponds to approximately 200 nozzle diameters for Bradbury’s experiment. In the
numerical calculation, the jet divergence in the main flow direction is very sensitive
to the initial conditions. After a relative long distance downstream of the nozzle, the
growth parameter δ/x1 has converged to a value of 0.05 found by Bradbury.

In figure 11(a) the axial mean velocity computed with the dissipation rate tensor
model is compared with Bradbury’s data. The numerical result is in good agreement
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Figure 12. Balance in the turbulent kinetic energy equation: ——–, present model; experimental
data of Bradbury (1965) at Rem = 30000; ◦, production, 2, convection; �, diffusion; ×, dissipation
rate.

with the experiment and the relative error is within a few per cent. The functional
form of the experimental result has been taken from Bradbury’s curve fit. Similar
small deviations from the experiments are seen in figure 11(b) for the lateral velocity.

As a final test, the turbulent kinetic energy balance from Bradbury’s experiment is
compared with the computation in figure 12. Experimental results for the statistical
quantities, in particular for the turbulent transport and the dissipation, may not
be very reliable compared to the mean flow data. However, global trends may be
captured correctly and the model terms follow the experimental data very well.

7. Summary and conclusions
Using the two-point correlation equation a new tensor length-scale equation, or

alternatively, a dissipation rate tensor equation was derived. In addition, a linear
algebraic expression for the pressure–strain correlation from the two-point velocity
correlation was developed. For the derivation of both the length-scale equation and
the pressure–strain correlation two limits have been introduced, the stronger of which
is to postulate that each component of a new two-point correlation tensor Fij is
only a function of the magnitude of the correlation distance. Using this, the two-
point correlation function Rij is written as a solenoidal tensor in terms of Fij and
the correlation distance vector rk . Hence, directional information is employed due
to the tensorial character of Fij and the direction of the correlation distance. The
second assumption is that of local homogeneity which is necessary to approximate the
non-local behaviour of the two-point correlation equation. The final set of leading-
order equations has a similar structure to the two-point correlation equations for
homogeneous turbulence except that the convection term is still retained.

Employing both assumptions, a tensor length-scale equation has been derived by
applying an integral operator to the two-point correlation equation. A non-isotropic
model for the triple correlation is introduced, to achieve closure for the tensor
length-scale equation. The resulting length-scale equation is in turn converted into
a dissipation rate tensor equation by extending Kolmogorov’s relation between the
integral length scale, the dissipation rate and the turbulent kinetic energy. Both
the equations for the tensor length-scale equation and the dissipation rate tensor
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equation are valid for compressible turbulence in the limit of small Mach numbers. In
contrast to common scalar dissipation rate equations the final equations can account
for non-isotropic effects in the dissipation rate and for curvature or Coriolis force
influences.

Similarly, introducing the two assumptions pointed out above into the integral
representation of the pressure–strain correlation, an extended formulation for the
linear rapid term was derived which also accounts for compressibility effects.

Of course, the model approach has its build-in limitations. Both assumptions used
in the derivation of these equations are only asymptotically correct in the interior
of a turbulent flow. Local homogeneity loses its validity close to solid walls because
the turbulent and the mean scales become of the same order of magnitude and
hence their ratio cannot be considered as small perturbation parameter. Furthermore,
turbulence may become highly anisotropic near solid walls and thus the approach of
a quasi-isotropic two-point correlation tensor is questionable.

To overcome the limitation of making the model only applicable to unbounded
flows, a semi-empirical diffusion term has been added to the Reynolds stress transport
equation and to the dissipation rate tensor equation. The model has been tested for
four different homogeneous and two inhomogeneous turbulent flows.

Model results have been compared with DNS, LES and experimental data and
the homogenous test cases have also be compared with the popular LRR model.
Numerical results yield significant improvements for all of the homogeneous flows
compared to the LRR model and some of the DNS and LES data are reproduced
with a high accuracy. Even in some cases where the model deviates slightly from the
DNS or LES data the correct trends are reproduced. In the case of the channel flow,
which is the only wall-bounded flow, the mean velocities are computed with good
accuracy. The results for the plane jet are also in good agreement with experiments
and closely follow the experiments.

The author would like to thank Professor N. Peters for many helpful discussions
and his great interest in the progress of the work. Improvements and comments on a
draft of this paper by Dr D. A. Humphreys are gratefully acknowledged.

Appendix A. Some results on tensor invariant theory
In §3 the frame-invariant form is required expressing a symmetric second-order

tensor in terms of the minimal number of terms consisting of a vector and another
symmetric second-order tensor

Vij = Vij(r,F). (A 1)

The basic idea for solving this problem is to contract (A 1) with two arbitrary vectors
ai and bi. This reduces the problem to find all scalar invariants corresponding to

Ξ = Ξ(a, b, r,F). (A 2)

Ξ can only be a linear function of ai and bi. The solution to the transformed
problem is easier to determine and is given in Spencer (1971). For the modelling
purpose in §3 the final form has been restricted to one linear in Fij . Considering this,
the complete set of scalar invariants consists of the vector invariants

riri, aibi, airi, biri, eijkaibjrk, (A 3)
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tensor invariant

Fkk, (A 4)

and mixed invariants

riFijrj , aiFijbj , aiFijrj , biFijrj , eijkriFjlrlak,

eijkriFjlrlbk, eijkaiFjlblrk, eijkriFjlalbk, eijkaiFjlrlbk.

}
(A 5)

Next, all possible products of the system which are simultaneously linear in ai and
bi have been composed. In the last step the vectors ai and bi are removed from the
system and the final results yields

Vij = α1Fijr
2 + α2δijFkkr

2 + α3δijrkrlFkl + α4rirjFkk + α5

[
rirkFjk + rjrkFik

]
+α6

rirjrkrl

r2
Fkl + α7

[
eilkrkFlj + ejlkrkFli

]
r

+α8

[
riekljrkFlmrm + rjeklirkFlmrm

] 1

r
. (A 6)

The last vector invariant in (A 3) and the last mixed invariant in (A 5) have not
been considered in (A 6) because they imply a skew-symmetric tensor contribution to
Vij .

Furthermore, the last three terms in (A 6) were omitted from the calculation in §3
either because they do not contribute to the tensor length scale or because they lead
to a singular integral.

Appendix B. Integrals of quasi-isotropic tensors
The following rules for the integration of quasi-isotropic tensor functions have been

used for the derivation of the tensor length-scale equation in §3. Consider a scalar-
or tensor-valued function T depending only on the spherical coordinate r = |r|.
Applying the integral operator

Υ [·] =
1

4π

∫
V

(·)d3r

r2
(B 1)

to any quasi-isotropic function the following calculation rules apply provided the
integrals are finite. If n is an odd number the integral of any quasi-isotropic tensors
vanishes:

Υ

[
ri1ri2 . . . rin

T (r)

rn

]
= 0. (B 2)

If n is an even number the integrals can be simplified. For n = 2 and 4 one obtains

Υ (2)

[
rirj

T (r)

r2

]
= 1

3
δij

∫ ∞
0

T (r)dr (B 3)

and

Υ (4)

[
rirjrkrl

T (r)

r4

]
= 1

15

[
δijδkl + δilδjk + δikδjl

] ∫ ∞
0

T (r)dr. (B 4)

All higher-order even integrants can be calculated recursively using

Υ (n)

[
ri1 . . . rin

T (r)

rn

]
=

1

n+ 1

n∑
k=2

δi1ikΥ
(n−2)

[
ri2 . . . rin

T (r)

rik r
(n−2)

]
. (B 5)
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Hanjalić, K. & Launder, B. E. 1972 A Reynolds stress model of turbulence and its application to
thin shear flows. J. Fluid Mech. 52, 609–638.

Johnston, J. P., Halleen, R. M. & Lazius, D. K. 1972 Effects of spanwise rotation on the structure
of two-dimensional fully developed turbulent channel flow. J. Fluid Mech. 56, 533–557.
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